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Abstract- The present paper is devoted to study the flow of an incompressible, viscous, electrically conducting fluid in the presence of trans-
verse magnetic field. The governing equations of motion in terms of cylindrical polar coordinates are reduced to an ordinary differential
equation by using dimensionless parameters and then solved analytically. Exact solutions for the axial velocity, flow rate and dynamic vis-
cosity are presented. Graphical representations of the results in terms of dimensionless parameters are outlined.

The main result of this work is that, the effect of the magnetic field is to decrease the velocity profile and flow rate. Therefore, the velocity
profile becomes more parabolic. The blood flow in the presence of a transverse magnetic field is taken as an example of this type of flow.
Magnetohydrodynamics (blood) flow in a narrow tube is described using two layered (two-phase) model. The model consists of a central
core region enriched with various types of blood cells such as red blood cells (RBCs) and a cell free layer (plasma) surrounding the core.
The bluntness appears in velocity profile and this bluntness decrease by increasing magnetic field.
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Introduction

The study of the MHD flow problems through a tube has found an
applications in many fields like MHD power generation, blood flow
measurements, etc. In our problem we have obtained the exact
solution of viscous incompressible flow through a tube and the
magnetic field is transverse. The major part of the thesis deals
with the analytical solution of the blood flow in the tube under a
transverse magnetic field.

The theoretical studies of blood flow in a tube (a narrow vessel)
phenomena are very useful for the diagnosis of a number of cardi-
ovascular diseases in human physiology and for other clinical
purposes. It is well known that blood behaves differently, in which
Newtonian behavior is expected and in small vessels where non-
Newtonian effect. Blood can be regarded as a magnetic fluid ap-
peared in which red blood cells, (RBCs), magnetic in nature due
to iron oxide in it. So when we apply a magnetic field on blood the
only components of blood response to these field are RBCs, and
this occur in-vitro (the blood represented as a suspension fluid).
The movement of blood in an externally applied magnetic field is

governed by the low of magneto hydrodynamics (MHD). When the
body is subjected to a magnetic field the charged particles of the
blood flowing transversally to the field get deflected by the Lorenz
force, thus including electrical currents and voltages across the
vessel walls. Therefore the interactions between these induced
currents and applied magnetic field can cause a reduction of
blood flow rate.

Magnetic field interactions with blood flow have been demonstrat-
ed by many authors. Korchevskii and Marochnik [1] first proposed
a velocity profile solution for blood flow as a Newtonian fluid be-
tween two parallel plates under a constant pressure gradient with
a perpendicular magnetic field. Vardanyan [2] derived an approxi-
mation steady solution where velocity profile and flow rate were
calculated by neglecting the induced fields. More recent studies
were based on these founding works such as Keltner et al. [3].
When blood flows through tubes, the two-phase nature of blood
as a suspension becomes important as the diameter of the RBCs
becomes comparable to the tube diameter. The following are
some of the effects observed in vitro and in vivo: (i) Fahraeus-
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Lindqvist effect: dependence of apparent viscosity on tube diame-
ter; (i) Fahraeus effect: dependence of tube or vessel hematocrit
on tube diameter; (iii) Existence of a cell-free layer near the wall:
(iv) Blunt velocity profile. Nair et al. [4] used a two-phase model for
the blood in modeling transport of oxygen in the arterioles. They
considered a cell-rich core surrounded by a cell-free plasma layer.
In the cell-rich core, the radial hematocrit distribution was ex-
pressed as a power law profile with maximum at the center of the
tube. A parabolic velocity profile was taken for the plasma in the
cell-free layer. Different velocities were used for the plasma and
RBCs in the cell-rich core. The parabolic profiles were slightly
blunted.

Seshadri and Jaffrin [5] modeled the outer layer as cell-depleted,
having a lower hematocrit than in the core. The apparent viscosity
and the mean tube hematocrit were taken from the measurements
obtained in glass tubes. The concentration of RBCs in the cell-
depleted layer was assumed to be 50% of that in the core. Gupta
et al. [6] divided the outer layer into a cell-free plasma layer and
cell-depleted layer. In both these studies, the velocity profile in the
core was assumed to follow as a power law.

Most mathematical descriptions of a steady blood flow in a cylin-
drical tube using a two-phase fluid model. The gradient in a shear
rate create a force effect on cells. so, the RBCs flow toward the
axis of high velocity (axial migration) and create a cell-free layer
near from the wall of tube. Axial migration depends on particle
size, velocity gradient, and the radius of the tube. Therefore, the
viscosity in the core with RBCs is larger than that in the free layer
with plasma because the particle size is large in core. The axial
migration leads to bluntness in velocity profile and this different
from parabolic velocity profile in a homogenous fluid.

Formulation of the Problem

Consider the motion of an electrically conducting viscous fluid in a
circular tube of radius R and length L in the presence of a trans-
verse magnetic field, see. Fig. 1-

Fig. 1- Flow Model Geometry

Dynamical Equation of Motion

The steady flow of viscous fluid in the presence of a magnetic field
is governed by the conservation laws of mass and momentum
which are:

Vv=0 )

p(V.VV)==Vp+uV?v+f 2

where is the velocity vector, is the body force per unit

volume; p is the density, and is the pressure gradient.
Therefore, f includes any external forces such as gravity or elec-
tromagnetic forces. In our problem, since the fluid is electrically
conducting and there is an applied magnetic field, the most com-
mon type of body force which acts on a fluid is due to electromag-
netic effects. Therefore, the presence of the magnetic field re-
quires that an additional force must be included in equation (2)
aside from the usual pressure and shear forces. The added force,
is

f=(p,E+IxB) o

where pc is the charge density and B is the total magnetic field
vector. The current density J may be expressed by the general-
ized ohm's law, i.e.
J=c(E+vxB)
: )

where ¢ is the electrical conductivity of the fluid. The terms ¢ —

sl

and o ( vxB ), represent the conduction and induction current.
For simplicity, we assume that the wall of tube is an electrically
insulator. Next, the externally applied electric field is arranged to
be zero. Finally, it is postulated that, the induced fields are negligi-
bly small. Therefore; Eq. (3) and Eq. (4) take the form.
f=JxB
ST (5

J=<KYXB5 ©)

the equations describing the steady motion of the fluid under con-
sideration, Eq. (2), are being

p(Y-VY) =—Vp+ Mvzy +JxB, 7

AY . . . .
The term ¥y vanishes in equation (2), also the pressure p is
a function in z position only. In view of these assumptions, Eq. (7),
takes the form.

~Vp+uV’v+o(vxB)xB=0 "

Let us consider a cylindrical coordinate system (r, 6, z) having the
z- axis coincident with the tube axis. The velocity components can

be written as V- [0, 0, w(r)] which satisfies the equation of
continuity. The external constant magnetic field is applied trans-

B=(B, cos0,— B, sin6,0)

and the wall of

2
v in cylindrical

versally such as

tube is considered to be insulator. The operator
coordinate take the form:

, 1 6( 6) 6(16) 6( a)
Vi=={—|r— 4+ —| — |+ —| r—
r|lor\ or) 00\rob) oz\ oz

So ,
(V?v) :ld(rdwj
7 ordr dr

Taking into account these assumptions the velocity profile can be
defined by the z- component of the momentum equation, Eq. (8)
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as.
2
—§B+pciw+lgyr—chw=O
dz dr? r dr
<r<

Boundary Conditions

Equation (9), give a complete description of the physical occur-
rence within the fluid. But to complete the statement of the prob-
lem, it still remains to specify the boundary conditions. For the
present case the velocity is maximum in the center of the tube and
decrease when approach to the wall. These conditions are given
by:

w=0 a =R (10)
dw

Yoo

dr r=0

, at , (11)
Equation (11) shows that, the velocity w is bounded on the z- axis
and because of symmetry the velocity gradient vanishes along the
axis of the tube.

Dimensionless Parameters
The governing equations, Egs. (9) to (11) to dimensionless form in
order to be simple in mathematical handing,

R VpR

, : (12)
In terms of the new variables given in Eq (12) the governing equa-
tions, Eq. (9), becomes:

_Apdz

d* 1df
a® mdn) "
" , (13)

2
Lop (S 140 0
Let k= p az M nan ’ (14)

in Eq. (14), the symbol m represents the magnetic parameter
(staurt number) defined by:

oR’B,’
m=

u
) (15)

the magnitude of m is an index to the relative importance of mag-

netic forces. When m = 0, magnetic forces are absent; when m

increases, the magnetic forces become increasing.

The boundary conditions imposed on the functions f in terms of

the new variables are:

_Ldp

f=0 4 n=t (16)
;Lf:o =0
N a7, (17)

In the staté of blood:

Formulation of the Problem

Consider the motion of blood is an incompresspole, an electrically
conducting viscous fluid in a circular tube of radius R and length L
in the presence of a transverse magnetic field. Blood is represent-

ed by a two-phase model consisting of a cylindrical core region of
radius ri. and a cell-free layer outside the core containing plasma
with an effective viscosity po. The core region contains a suspen-
sion of red blood cells in plasma with an effective viscosity pi (ui >
Mo), see Fig. 2.

Flow direction

Fig. 2- Flow Model Geometry

Dynamical Equation of Motion

The steady flow of blood as a Newtonian incompressible fluid in
the presence of a magnetic field is governed by the conservation
laws of mass and momentum in Eq. (1)-( 9). When the blood flow
through a tube Eq. (9) takes the form:

dp d*w, 1dw, 2
-+, L+——1)—6B,"w, =0
dz l"ll( dr2 ) 0 i

0<r<r

for the core layer with RBCs and

dp d*w, ldw,
-+ +-—"9 =0

] ”’O( ]2 r)
r,<r<R

for the cell free (plasma) layer

Boundary Conditions

Equation (18) and (19), give a complete description of the physical
occurrence within the fluid. But to complete the statement of the
problem, it still remains to specify the boundary conditions. For the
present case the boundary conditions are the standard no-slip
conditions of velocities and these conditions are given by:

w,=0 _

o= a =R (20)
dw.

l=0

o a =0, 1)

W.
Equation (21) shows that, the core velocity ' is bounded on
the z- axis and because of symmetry the velocity gradient vanish-
es along the axis of the tube.

Dimensionless Parameters

The governing equations, Egs. (18) to (21) to dimensionless form
in order to be simple in mathematical handing

R R )
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In which a represents the dimensionless core radius. When a =0,
the core layer is absent and the blood is a homogenous Newtoni-
an fluid. When a increase a® 1 the core layer becomes increas-
ingly important which equivalent to blood flow in a large tube. In
terms of the new variables given in Eq (22) the governing equa-
tions, Egs. (18) and (19), becomes:

R?  dp d’w, 1dw
+ S+
B o dz dn® mn dn

0<n=<a , (23)
for the core region and
2
Ri(_ ) (d W, ldwo):O
Ko n dn
“S”SI , (24)  for

the plasma region
The boundary conditions imposed on the functions wi and wo in
terms of the new variables are:

Vo=t a1 (29)
dc;v =0 =0
L st "0, (29)
Solution of the Problem
Velocity Function
f(n)

The dimensionless velocity function is obtained from the
solution of Eq. (14) subject to the boundary conditions, (16) and
(17). This solution takes the form:
I, (mn)
f - 1= 0
M) M{l 10(\/5)}

-1<n<l1
, i 7)
Flow Rate
The flow rate takes the following form:
R
Q= 2nfw(r)rdr
(28)

with the help of Eq. (27), the rate of flow in dimensionless form is:

Q—Z“R( j [F(mndn,

(29
Since J.IO(X)dX:II(X)’ S0
_2nR*(Ap) k |, LYm
R (L]m{‘ IO\/E} -

Asymptotic Solutions

In order to discuss the results of the theoretical proposed in this
study an asymptotic solutions are used to evaluate the analytical
results for velocity profiles and for flow rate obtained in Egs.(27)-
(30) for various values of the parameters involved.

Velocity Function
By using the standard approximation formula of modified Bessel
function of zero order:

w 1 n
() =Xy, (%)
(31)

the velocity function can be expressed in the following parabolic
distribution:

km s
JSm= I-n")
(4+m) | —-1<n<1 @)
Flow Rate
Since
o 1 2n-+1

it follows that the flow rate, Eq. (30), approaches the following
form:

2nR*k(Ap), mm +8/m
Cvm L) aam

o (3)
Or

_A4nRPApk[ 1 1 1
Q= 8uL L@ 4+4+m} a0

Apparent Magnetic Viscosity of Viscous fluids
The standard flow rate of viscous fluid in a tube is given by the
equation :

(39)
As a result of our study, the rate of flow of magnetic fluid in a tube
can be written as:

nR* [—d
= L { dzp}
app , (36)
Mapp . . . . . .
where is the apparent viscosity of the magnetic fluid which

is a measure of viscosity when the magnetic field is applied. The
comparison between Eq. (34) and Eq. (36) gives:

1 1 1
=4Kk| — - —
b = 4 )

Solution of MHD Blood Problem
Velocity Function

w, () W, (ﬂ)

The velocity functions , are obtained from the

solution

-t (- 2 2] 2 )

(38)
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0<n<a

solution of the outer region (cell free layer) is:

2
wo=—s (B Ja-n)
4p,\ dz

’ as<n<l (39)

Asymptotic Solutions

In order to discuss the results of the theoretical model proposed in
the study, an asymptotic solution are used to evaluate the analyti-
cal results for velocity profiles in Eq. (38)- (39) for various values
of the parameters involved.

Velocity Function

By using the standard approximation formula of modified Bessel
function of zero order given in Eq.(31):

the velocity function in the core can be expressed in the following
parabolic distribution:

Wi =W 1=Pn°)  a<n<l

Where
v = Rdpla2 [1 L [1 . LH
Ho(A+ma”) 2

ﬂ=4,uo//1‘—m(l—az)‘

(-2 o

The parameter B represents the deviation from parabolic flow,
whenm =0,

B =1 the velocity profile becomes parabolic throughout the entire
cross section of the tube and the fluid become homogenous.

(40)

Results and Discussion

Because the goal of this study is to investigate the effect of an
external magnetic field on the viscous flow in a tube, we have
chosen parameters of the flow from the study of Sharan et al [14].
The radius R of the tube is chosen as R =70 pym.Values of the
magnetic parameter m are chosen between 1 and 4.

Axial Velocity Distribution fo

Axial velocity profiles f computed from the present study, eq. (32)
is represented graphically in Fig.3. The effect of the magnetic field
parameter m is also shown in that Fig. In these Fig. we observe
that the velocity profile of viscous fluid is more parabolic and these
parabolic decrease by increasing magnetic field parameter m.

0.004¢

0.003¢
S~ 0.002f

0.001¢

0.000=

Fig. 3- Velocity profiles at k=0.02, and magnetic parameter (m=1,
2, 3, 4) top to bottom.

Flow Rate Distribution Q (m)

Values of the volumetric flow rate Q are calculated using Eq. (34).
The variation of Q against m is shown in Fig. 4 for different values
of m taking k = 0.02 Decreasing in Q with increase m.

\
3. 10 10}
2.5 10 °F N
N\
<~ 2.0 10 10 N
N
1.5 10 '°f -
]. 10 10 =~ ~ —
5. 10 "'t o= = ]
1.0 15 20 25 3.0 3.5 4.0

m
Fig. 4- Decrease of flow rate Q in the presence of magnetic field
m.

Magnetic Viscosity of Viscous Fluid u(m)

Decreasing in flow rate leads to increasing in a magnetic viscosity
for the viscous fluid under influence of the magnetic field.
10 8

10 8
10 8
10 8
10 8

10 8L ‘ ‘ ‘ ‘ ‘ 3
1.0 1.5 20 25 3.0 35 4.0

m

=N R R

Fig. 5- Increasing of a magnetic viscosity u with magnetic field m.

Results and Discussion of Blood

MHD flow of blood in narrow tubes is characterized in this model
by several parameters: the dimensionless core radius a, the mag-
netic parameter m and the rheological parameters of the fluids,
i.e., the viscosities of the core ;and outer layer po.

The dimensionless core layer thickness a is chosen as a = 0.92,
in some calculations, a is varied between 0 and 1. The viscosities
of the core pi=4.03cp, and outer region po=1.24cp.

Axial Velocity Distribution (). wo(m)

Axial velocity profiles wiand wo, are represented graphically in Fig.
6 and 7 for two values of the pressure gradients, - dp/ dz = 76
dyne /mm?3 and - dp/dz = 67.5 dyne / mm3. The effect of the mag-
netic field parameter m is also shown in that figures. The velocity
profile of the core not parabolic but the bluntness parameter in Eq.
(41) create the velocity profile of the core deviate from parabolic,
when the magnetic field affect the bluntness decrease and the
homogeneous fluid flow through a tube and these leads to speak
about large vessel. The dimensionless core radius a is the im-
portant parameter affect on velocity profile,

when a decrease leads to bluntness decrease and the core be-
come absent so the velocity of core region is the same of the
velocity of outer region and the fluid become homogenous solu-
tion not suspension.
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Fig. 6- Velocity profiles at a = 0.92, -dp/dz = 76dyne/mm? and
magnetic parameter (m =0, 1, 2, 3, 4) (top to bottom).
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Fig. 7- Velocity profiles at a = 0.92, -dp/dz = 67.5dyne/mm3 and
magnetic parameter (m =0, 1, 2, 3, 4) (top to bottom).
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Fig. 8- Velocity profiles at a = 0.85, -dp/dz = 67.5dyne/mm3 and
magnetic parameter (m =0, 1, 2, 3, 4) (top to bottom).

Bluntness Distribution

Parameter B in Eq. (41) is the bluntness velocity profile in the core
region. For a given fluid, this parameter depends on the dimen-
sionless core radius a, and magnetic parameter m. Fig. 9 shows
that the bluntness parameter f§ increases as a increases. The
increasing in B leads to the velocity profile become parabolic In
other words. Fig. 10 shows that B decreases as m increases.
Thus, the velocity profile becomes more parabolic when a is de-
crease or mis increase.

Fig. 9- Variation of bluntness parameter f with a at (m =1, 2, 3, 4)
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Fig. 10- Variation of bluntness parameter § with m at (a =0, 0.2,
0.4, 0.6, 0.8) (top to bottom).

Conclusion

In this paper, MHD incompresspole, electrical conducting viscous
fluid in the tube is described. Governing differential equation
which describes the flow in tube is described, and this equation is
solved analytically. The effect of magnetic field parameter m on
the velocity profile, flow rate and apparent magnetic viscosity is
studied. It is found that increasing MHD parameter decreases the
velocity and flow rate and this leads to increasing in apparent
magnetic viscosity. The blood flow in the presence of a transverse
magnetic field is taken as an example of this type of flow.
Magnetohydrodynamics (blood) flow in a narrow tube is described
using two layered (two-phase) model. The model consists of a
central core region enriched with various types of blood cells such
as red blood cells (RBCs) and a cell free layer (plasma) surround-
ing the core.

Governing differential equations are solved analytically. The blunt-
ness appears in velocity profile and this bluntness decrease by
increasing magnetic field.

Therefore, a remarkable phenomenon is that by using an external
magnetic field we can regulate the blood flow and treatment some
of diseases such as bleeding and clotting.
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